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Abstract. We prove that the constellation of Weierstrass points characterizes the 
■ isomorphism-class of double coverings of curves of genus large enough. 

On ' 

1. Let X be a projective, irreducible, non-singular algebraic curve denned over an alge- 
^ | braically closed field k of characteristic p. Let n > 1 be an integer and Cx a canonical 
divisor of X. The pluricanonical linear system |nCx| defines a nondegenerate morphism 

7T n : X -> P*( n >, 

where iV(l) = g — 1, and N(n) = (2n — l)(g — 1) — 1 for n > 2. To any P G X we then 
q ■ associate the sequence of multiplicities 

§ i {vpK(H)) : # hyperplane C P^} = {e (P) < e 1 {P) <...< e N(n) (P)}. 

Such a sequence is the same for all but finitely many points (cf. [|K-K| , III. 5], ||Lak| , Prop. 3], 



> 
X 



S-V , §1]). These finitely many points are the so called n- Weierstrass points of X. There 



exists a divisor W n on X whose support is the set of n- Weierstrass points and satisfies the 
property below. Let denote by v p(W n ) the coefficient of W n in P (called the n- Weierstrass 
weight at P). Then 



N(n) 

(1) u n := deg(W n ) = Y,v P (W n ) = e ^ 2 9 ~ 2 ) + n ( 2 9 - 2)(iV(n) + 1), 



i=0 



where e < t\ < ■ ■ ■ < tN(n) denotes the sequence at a generic point ( [|F-K|, III. 5], |[Lak 



Thm.6], |^-V| , p.6]). One has €i(P) > for each i and for each P ( [|F-K| , III. 5], [|Lak 



Prop.3], P-5]). 



Let Pi,... , Puj n be the n- Weierstrass points (counted with multiplicity according to 
their n- Weierstrass weights). 

Definition. The orbit O n (X) of {ir n (Pi), ■ ■ ■ ,n n (P Wn )) G (FW)^ 1 under the action of 
the product of the symmetric group S Wn and the projective linear group PGL(N(n) + 1) 
is called the constellation of n- Weierstrass points of X. Oi(X) is called the constellation 
of Weierstrass points of X. 

Let X, Xi be curves as above of genus g. Then clearly O n (X) = O n {X\) if X is 
isomorphic to X\. In this note we are interested in the converse: 

(P) O n (X) = O n {Xi) for some n > 1 X is isomorphic to X x ? 

This problem was studied by Pflaum [Pl| for p = 0. He showed that (P) is true in the 
following cases : 

(i) If n > 2; 

(ii) If n = 1, and 2 < ^ < 15; 
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(iii) If n = 1, and X and Xi are 7-hyperelliptic curves (that is double coverings of curves 
of genus 7) with g > 2 and 7 G {0, 1, 2}. 
For the cases n = 2, g = 2; n = 1, g = 3,4; and n = 1, X, X\ hyperelliptic curves 
the proof is given by a direct application of the definition above. For the remaining cases 
Pflaum used the following argument. By means of a lower bound on the number W n of 
n- Weierstrass points, he stated (Corollary 2.6, loc. cit.) a sufficient condition to have an 
affirmative answer to the problem (this condition holds regardless the characteristic of k). 
Define the number N(g, n) by iV(6, 1) = 25, N(g, 1) = max{3g + 6, Ag — 4} for g 7^ 6, and 
N(g,n) = 4n(g — 1) for n > 2. Pflaum then showed that (P) is true provided 

(2) W n >N(g,n). 

A way of getting a lower bound on W n is by bounding from above fp(W n ), and then by 
using (|TJ). One has 

JV(n) 

(3) v P (W n ) > -e.) 



=1 



for each P, and equality holds if 



detl I ^ P > 1)^0 (modp) 



( |[Lak| , p. 239], |[S-V| , Thm.1.5]). A curve X is called classical (with respect to the pluri- 
canonical linear system |nCx|) if £i = i for each i. This is the case if p = or p > n(2g — 2), 
and here one also has the equality in (|) for each P ( |[F-K| , III. 5], ||S-V| , Corollary 1.8], 
Eag Thm.ll]). 



Let X and Xi be classical curves of genus g, and suppose that we have equality in 
J) for each point of X and X\. If n = 1 and 5 < g < 15, Pflaum showed (0) by 
direct computations. If n > 2, then Homma and Ommori | ]H-U | noticed that fp(W n ) < 



g(g + l)/2. Hence by means of ([!]) Pflaum obtained (§). Now if X and X\ are 7- 
hyperelliptic curves of genus large enough with 7 e {1, 2} and if p = or p > 2g — 2, by 
using results due to Garcia and Kato [[EJ Pflaum can bound from above vp(VVi(P)) 
and obtain (|]). 

The aim of this note is to extend Pflaum's result (iii) above to 7-hyperelliptic curves of 
genus large enough (7 > 3) and whenever p = or p > 2g — 2. We will show that such 
curves satisfy (0) and to do that we use some results concerning Weierstrass weights in 
fTol and p)2| . We show 



Theorem. Let X and X% be 7 -hyperelliptic curves curves of genus g > 97 — 17 + 

with 7 > 3. Assume that p = or p > 2g — 2. Then X and Xi are isomorphic provided 

1 {X) = 1 {X 1 ). 

In general one cannot expect to fulfil condition (fj) for < p < 2g — 2, because in this 
case there exist curves with small number of Weierstrass points. For instance there exist 
curves with just one Weierstrass point (see ||Lak| , §6]). 



2. Let 

7T : X -»• X 

be a double covering of curves of genus g and 7 > 3 respectively. Let P e X, and set 
w(P) := fp(Wi). The key point of the proof is the fact that we can bound from above 
w(P) by considering the following three cases: 
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(I) P is a ramified point of tc such that vr(P) is a Weierstrass point of X. 
(II) P is a ramified point of n such that vr(P) is not a Weierstrass point of X. 
(Ill) P is not a ramified point of n. 

Lemma. Let X be a '-f-hyperelliptic curve of genus g (7 > 3). Let assume that p = or 
p> 2g -2, and let P e X. 

(i) If P is as in (I), then 

w(P)< Cl := (^" 2 27 )+27 2 . 

(ii) If P is as in (II), then 

w(P)<c 2 := (^~ 27 ) +4 7 -4. 

(iii) If P is as in (III) and g > 27, then 

w(P) < c 3 := max{(2 7 - l)g - (7 - 1)(2 7 + 1), 2 19 - 2 7 (4 7 - 1)}. 

3. Proof of the Theorem. Since g > 27 + 2, every ramified point of 7r is a Weierstrass 
point (see §4). Let t denote the number of points of type (I). Then by the lemma we have: 

deg(Wi) = g 3 - g < t Cl + (2g - 4 7 + 2 - t)c 2 + {W 1 -2g + A 1 - 2)c 3 

= (ci - c 2 )t + (2g - 4 7 + 2)c 2 + {W 1 -2g + A 1 - 2)c 3 . 

Then by noticing that t < min{7 3 — 7, 2g — 47 + 2}, we find 

(4) (Wx - 2g + 4 7 - 2)c 3 > 67/ - 167^ + I67 3 - 4 7 2 - 2 7 . 

If 9 > 67 2 — 7 + I, then c 3 = 27(^7 — 47 + 1) and from (|J) we get 

24 7 2 - IO7 - 4 , . 
W x > 5g - 1 + , ±z > N(g, 1 . 

g - 47 + 1 

Now suppose that c 3 = (27 - l)g - {2^ 2 - 7 - 1). From (|) we find that W x > N(g, 1) if 

24 7 5 - 4O7 4 + 22 7 3 + 4 7 
(27-l)p-(2 7 2 - 7 -l) 



, o 9 . 24 7 5 - 4O7 4 + 22 7 3 + 47 
(2 7 - 1)(2 7 + 2)^ - (367 3 - 5O7 2 + 34 7 - 6) + 1 — — t— — r — -L > 0. 



This is satisfied provided p > 97 — 17 + 2 4 f+^°i ■ 

4. Proof of the Lemma. First we recall some properties of Weierstrass semigroups. 
Let P G X . In the case of 1- Weierstrass points, the set 

G(P) :={ei(P)+l:0<i<g-l} 

is the complement (or the gaps) of a semigroup H(P), the so called Weierstrass semigroup 
at P. H(P) looks like 

H(P) = {0< mi (P) < ...< m g {P) = 2g < 2g + 1 < . . . }, 

and it is satisfied the following property (0, ggjy} , Thm. l.l(ii)]). Let := e^P) + 1. 

Then 

(5) £ l (P)<2i-2, for i = 2,...,g-l, £ g {P)<2g-l, 
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provided mi(P) > 3. Then if X is classical and if we have equality in (§), w(P) can be 
computed by the formula 

(6) w(p)= 3 -^- y: m - 

m£H(P),m<2g 

Now in case of 7-hyperelliptic curves, P a ramified point of tt and p > 2, H(P) fulfil the 
following properties ( |flblj , Lemma 3.4]): 

(A) 7 = #{£ G G(P) : £ even}. 

(B) H(ir(P)) = {§ : /1 G #(P), /i even}. 

(Note that property (B) implies h < 27 + 2 for /i G H(P), h even. In particular if X is 
classical and g > 27 + 2, then each ramified point of 7r is a Weierstrass point of X.) 

Proof of (i). Follows from property (A) above and [|To2| , Lemma 3.1.2(h)]. 



Proof of (ii). Let P G X be as in (II). Since p = or p > 2g — 2 > 27 — 2, then X is also 
a classical curve. Thus from properties (A) and (B) we have that all the even positive 
non-gaps of H belong to the following set: 

{27 + 2i:ie{l,...,(/-7}}. 

Hence 

(*) h = g 2 + g-j 2 -7. 

h£H(P),h even, fc<2g 

Let denote by u 1 < . . . < u\ the 7 odd non-gaps at P in [l,2g — 1]. According to (||) 
and (*), an upper bound for w(P) corresponds to a lower bound for YU=i u i- By |[Tol| . 
Lemma 2.1], w 7 > 2g — 47 + 1. If w 7 > 2g — 27 — 1, any odd number in [2g — 2 r y+l,2g— 1] 
could be an odd non-gap at P. Hence in this case we have 

7 

^ > 275- -7 2 - 27. 

i=i 

If m 7 < 2g — 27 — 3 (then 7 > 2), it is easy to see that the minimum for Yll=i u i * s reached 
for the sequence 2g — (2i + 5), 2g — 1, % = 1, . . . , 7 — 1. Hence in this case we have 

7 

XX > 2 19 -7 2 - 47 + 4. 

i=l 

Then since 7 > 1 from (*), the last inequality and (§) we obtain (ii). 
Proof of (in). Let P G X and suppose that P is not a ramified point of n. 
Claim. Let h be a non-gap at P. Then h > g — 27 + 1. 

Remark. Let / G k(X) and denote by 0(/) the degree of /. Then 0(f) is even provided 
0(f) < g + 1 — 27 and g > 47 + 2. For p = this is a result due to Farkas |F], Thm.2(iii)] 
(see also [F-K] , Thm.V.1.9], Accola 0, Lemma 4]) and in general is due to Stichtenoth 
$5ti[ Satz 2]. The claim follows from this result but with an extra hypothesis on g. We 
will see that in the case that / has just one pole one can avoid such a hypothesis. The 
claim is a particular case of ||Tol| , Corollary 3.3(h)], and for the sake of completeness we 
state a proof of it. 
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Proof. (Claim.) Suppose that h < g — 27 + 1. Consider K' := k(X).k(f), with divoo(/) = 
hP. Then by Castelnuovo's inequality concerning subfields of k(X) (see Q, i [5til|] ) we 
must have K' = k(X). Thus there exists / G K(X) such that / = / o tt and we would 
have that P is a totally ramified point of tt, a contradiction. □ 

Let g > 27. We have 
(7) w(P)= £ 

i =g -2-y+l 

and then we consider two cases: 

(a) There exists £ G G(P) D [g - 2 7 + 1, g]. 

(b) [g-2j + l,g]nNCH(P). 

In the first case we have £ 9 _ 27 +i = g — 2-f + j with j G {1, . . . , 7}. Then from (|7|) and (||) 

we get 

s-i 

w(P)<(2 T -l)+ (i-2) + U-l) = (2 7 -l)p-(7-l)(2 7 + l). 

i= s -27+2 

In the second case, due to the semigroup property of H(P), w(P) reachs its maximum 
whenever G(P) = {1, . . . , g — 2 7 , 2g — 67 + 2, . . . , 2g — 47 + 1}. Then from (|7]) we find 

w(P) < 27^-27(47- 1). 

This finish the proof of the lemma. 
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